A finite element model based on sinusoidal shear deformation theory is developed to study vibration and buckling analysis of composite beams with arbitrary lay-ups. This theory satisfies the zero traction boundary conditions on the top and bottom surfaces of beam without using shear correction factors. Besides, it has strong similarity with Euler-Bernoulli beam theory in some aspects such as governing equations, boundary conditions, and stress resultant expressions. By using Hamilton's principle, governing equations of motion are derived. A displacement-based one-dimensional finite element model is developed to solve the problem. Numerical results for cross-ply and angle-ply composite beams are obtained as special cases and are compared with other solutions available in the literature. A variety of parametric studies are conducted to demonstrate the effect of fiber orientation and modulus ratio on the natural frequencies, critical buckling loads and corresponding mode shapes of composite beams.
Introduction
Composite materials are increasingly being used in various engineering applications due to their attractive properties in strength, stiffness, and lightness. The accurate prediction of stability and dynamic characteristics is of the fundamental importance in the design of composite structures. Finite element (FE) models originally developed for one-layered isotropic structures were extended to laminated composite structures as equivalent single-layer models. These models are known to provide a sufficiently accurate description of the global response of thin to moderately thick laminates [1] and considered in this paper. Thanks to the advantage that no shear correction factors are needed, the higher-order beam theory (HOBT) is widely used in the vibration analysis of composite beams. Soldatos and Elishakoff [2] developed this theory for static and dynamic analysis of composite beams. Chandrashekhara and Bangera [3] studied the free vibration characteristics of composite beams by using finite element. Marur et al. ([4] - [7] ) studied vibration analysis of sandwich and composite beams using the HOBT through proper constitution of elasticity matrix. Shi and Lam [8] presented a FE formulation for the free vibration analysis of composite beams. Murthy et al. [9] developed a refined two-noded beam element with four degree-of-freedom per node for static and dynamic behaviour of asymmetric composite beams with different boundary conditions. Subramanian [10] formulated two theories using a two-noded C 1 continuous beam FE model with eight degree-of-freedom per node for dynamic analysis of symmetrical composite beams. Jun et al. ([11] - [13] ) introduced the dynamic stiffness matrix method to solve the free vibration of axially loaded composite beams with arbitrary lay-ups. In the framework of a sinus models family, Vidal and Polit ([14] , [15] ) presented a threenoded multilayered (sandwich and laminated) beam element for static and dynamic analysis. Some researchers studied vibration and buckling problems in a unified fashion. Khdeir and Reddy ([16] , [17] ) utilised the state-space concept to solve the fundamental natural frequencies and critical buckling loads of composite beams for symmetric and anti-symmetric cross-ply lay-ups. Song and Waas [18] studied the buckling and free vibration of uniform and stepped unidirectionally laminated cantilever beams in which a cubic distribution of the displacement field through the beam thickness was assumed. Karama et.al ([19] , [20] ) presented bending, buckling and free vibration of composite beams with a transverse shear stress continuity model. By using the method of power series expansion of displacement components, Matsunaga [21] analyzed the natural frequencies and critical buckling loads of cross-ply composite beams. Aydogdu ([22] - [24] ) carried out the vibration and buckling analysis of cross-ply and angle-ply composite beams in which a three degree-of-freedom shear deformable beam theory was developed based on Ritz method. Analytical solutions based on the global local higherorder theory for simply-supported boundary condition were derived by Zhen and Wanji [25] to study vibration and buckling of composite beams. Although there are many references available on free vibration and buckling analysis of composite beams, most of which deal with cross-ply, angle-ply composite beams. By using the sinusoidal shear deformation theory, the research on the natural frequencies, critical buckling loads and load-frequency curves as well as corresponding mode shapes of generally composite beams in a unitary manner is limited.
In this paper, which is extended from previous research [26] , vibration and buckling analysis of composite beams using sinusoidal shear deformation theory is presented. This theory satisfies the zero traction boundary conditions on the top and bottom surfaces of the beam without using shear correction factors. Besides, it has strong similarity with Euler-Bernoulli beam theory in some aspects such as governing equations, boundary conditions, and stress resultant expressions. By using Hamilton's principle, governing equations of motion are derived. A displacement-based one-dimensional finite element model is developed to solve the problem. Numerical results for cross-ply and angle-ply composite beams are obtained as special cases and are compared with other solutions available in the literature. A variety of parametric studies are conducted to demonstrate the effect of fiber orientation and modulus ratio on the natural frequencies, critical buckling loads and corresponding mode shapes of generally composite beams.
Kinematics
Consider a laminated composite beam with length L and rectangular cross section b × h, with b being the width and h being the height. The x-, y-, and z-axes are taken along the length, width, and height of the beam, respectively. This composite beam is made of many plies of orthotropic materials in different orientations with respect to the x-axis. To derive the finite element model of composite beam, the following assumptions are made for the displacement field:
(a) The axial and transverse displacements consist of bending and shear components in which the bending components do not contribute toward shear forces and, likewise, the shear components do not contribute toward bending moments.
(b) The bending component of axial displacement is similar to that given by the Euler-Bernoulli beam theory.
(c) The shear component of axial displacement gives rise to the higher-order variation of shear strain and hence to shear stress through the depth of the beam in such a way that shear stress vanishes on the top and bottom surfaces.
The displacement field of the present study can be obtained by modifying the sinusoidal shear deformation theory based on Touratier [27] as:
where u is the axial displacement along the mid-plane of the beam, w b and w s are the bending and shear components of transverse displacement along the mid-plane of the beam, respectively. The non-zero strains are given by:
x and κ s x are the axial strain, shear strains and curvatures in the beam, respectively defined as:
where differentiation with respect to the x-axis is denoted by primes ( ′ ).
Variational Formulation
In order to derive the equations of motion, Hamilton's principle is used:
where U , V and K denote the strain energy, potential energy, and kinetic energy, respectively.
The variation of the strain energy can be stated as:
where N x , M b x , M s x and Q xz are the axial force, bending moments and shear force, respectively, defined by integrating over the cross-sectional area A as:
The variation of the potential energy of the axial force can be expressed as:
The variation of the kinetic energy is obtained as:
where the differentiation with respect to the time t is denoted by dot-superscript convention and ρ k is the density of a k th layer and m 0 , m 1 , m 2 , m f , m f z and m f 2 are the inertia coefficients, defined
by:
By substituting Eqs. (6), (8) and (9) into Eq. (5), the following weak statement is obtained:
Constitutive Equations
The stress-strain relations for the k th lamina are given by:
whereQ 11 andQ 55 are the elastic stiffnesses transformed to the x direction. More detailed explanation can be found in Ref. [28] .
The constitutive equations for bar forces and bar strains are obtained by using Eqs. (2), (7) and (13):
where R ij are the laminate stiffnesses of general composite beams and given by:
where A ij , B ij and D ij matrices are the extensional, coupling and bending stiffness and E s ij , F s ij , G s ij , H s ij matrices are the higher-order stiffnesses, respectively, defined by:
Governing equations of motion
The equilibrium equations of the present study can be obtained by integrating the derivatives of the varied quantities by parts and collecting the coefficients of δu, δw b and δw s :
The natural boundary conditions are of the form:
By substituting Eqs. (4) and (14) into Eq. (17), the explicit form of the governing equations of motion can be expressed with respect to the laminate stiffnesses R ij :
Eq. (19) is the most general form for axial-flexural coupled vibration and buckling of composite beams, and the dependent variables, u, w b and w s are fully coupled. The resulting coupling is referred to as triply axial-flexural coupled vibration and buckling.
Finite Element Formulation
The present theory for composite beams described in the previous section was implemented via a displacement based finite element method. The variational statement in Eq. (12) 
Substituting these expressions in Eq. (20) into the corresponding weak statement in Eq. (12), the finite element model of a typical element can be expressed as the standard eigenvalue problem: and [M ] are given by:
All other components are zero. In Eq. (21), {∆} is the eigenvector of nodal displacements corresponding to an eigenvalue: 
S for simply-supported edge: u = w b = w s = 0 and F for free edge. The first three non-dimensional natural frequencies are tabulated in Table 1 
For convenience, the following non-dimensional terms are used in presenting the numerical results:
The fundamental natural frequencies and critical buckling loads for different span-to-height (L/h) ratios are compared with analytical solutions ( [16] , [17] ) and previous results ( [9] , [22] , [23] ) in Tables 2   and 3 . Material with E 1 /E 2 = 10 and 40 is used. Through the close correlation observed between the present model and the earlier works, accuracy and adequacy of the present model is again established.
The critical buckling loads increase as modulus ratio increases ( Table 3) Fig. 3 . As expected, the natural frequency diminishes when the axial force increases. It is obvious that the load-frequency curves decrease rapidly prior to the critical buckling loads and finally, the natural frequencies vanish at these loads. Four load-frequency curves are observed (Fig. 3) . The smallest curve is for an antisymmetric cross-ply cantilever beam and the largest one is for a symmetric cross-ply simply-supported beam. Besides, Fig. 3 also explains the duality between the buckling load and natural frequency.
In order to investigate the effects of fiber orientation on the natural frequencies, critical buckling Fig. 7 . It is clear that the presence of the 0 • layer in the [0 • /θ] configuration increases the natural frequency and buckling load as well as load-frequency curve with increasing fiber angle. As seen in Table 5 and Fig. 8 , the uncoupled and coupled solution shows discrepancy indicating the coupling effects become significant as the fiber angle increases. It can be remarked again in Fig. 8 is observed from Fig. 11 that the natural frequencies increase with increasing orthotropy (E 1 /E 2 ) for two lay-ups considered. to be appropriate and efficient in analyzing vibration and buckling problem of composite beams. Table 2 : Effect of span-to-height ratio on the non-dimensional fundamental natural frequencies of a symmetric and anti-symmetric cross-ply composite beam with cantilever and simply-supported boundary conditions (E 1 /E 2 = 40). Table 3 : Effect of span-to-height ratio on the non-dimensional critical buckling loads of a symmetric and an anti-symmetric cross-ply composite beam with cantilever and simply-supported boundary conditions (E 1 /E 2 = 10 and 40). Table 4 : The first four non-dimensional natural frequencies and critical buckling loads of a clamped-clamped anti-symmetric angle-ply   /    composite beam with respect to the fiber angle change. Table 5 : The first four non-dimensional naturalfrequencies and critical buckling loads of an unsymmetric   0 /  clamped-clamped composite beam with respect to the fiber angle change. c. Third mode shape   = 54.824. 
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